Abstract. We show, without using the Four Color Theorem, that for each planar triangulation, the number of its proper vertex colorings by 4 colors is a determinant and thus can be calculated in a polynomial time. In particular, we can efficiently decide if the number is non-zero.
Introduction and Main Results
The Four Color Theorem (see [2] , [6] ) states that the vertices of every planar triangulation can be properly colored by four colors. Consequently, a trivial polynomial algorithm which always says YES correctly decides whether a given planar triangulation has a proper 4-coloring. On the other hand, all known proofs of the Four Color Theorem use computer and thus proof of correctness of the trivial algorithm uses computer as well.
We present more complicated polynomial algorithm, but prove its correctness independently of the Four Color Theorem, and without help of a computer. Curiously, our algorithm is an instance of optimization by enumeration: for each planar triangulation we efficiently calculate the number of proper vertex 4-colorings. Another instance of this phenomenon is the only existing polynomial algorithm for the Max-Cut problem in the class of the toroidal graphs, and more generally in each class C g , g ≥ 1, of the graphs of genus g. This research has started as an attempt to understand limitations of the Combinatorial Nullstellensatz approach to the famous Edge-Choosability Conjecture (edge-choosability = edge-colorability). Alon and Tarsi proved that the conjecture holds for graph G if certain coefficient, denoted by C(D) in this paper, of the corresponding graph polynomial is non-zero. Our first theorem shows that for cubic graphs G this coefficient is a permanent. It follows from the construction that it is polynomial to determine this coefficient for the cubic graphs of bounded genus.
Our construction builds upon results in the areas of the Combinatorial Nullstellensatz, edgecolorings, and the Pfaffian method.
Let D = (V, A) be a directed graph with each in-degree and each out-degree equal to 2. A subset of arcs A ′ ⊂ A is called eulerian if in the directed graph (V, A ′ ), the in-degree of each vertex is equal to its out-degree. Moreover A ′ is even eulerian if it is eulerian and has an even number of elements. Analogously, an odd eulerian set is a set of arcs which is eulerian and has an odd number of elements. We denote by C(D, e) (C(D, o) respectively) the number of the even eulerian subsets (the odd eulerian subsets respectively). Finally, we let
The following results are well known.
Theorem 1 (Alon, Tarsi [1] ). If G is a cubic graph, D an eulerian orientation of the line graph of G, and C(D) = 0 then G is 3-edge-choosable.
Theorem 2 (Penrose [5] ). Let G be a planar cubic graph and let D be an eulerian orientation of the line graph of G. Then C(D) is equal to the number of the proper 3-edge-colorings of G.
Let D = (V, A) be a directed graph and let w : A → Q. We let M (A, w) be the adjacency (V × V ) matrix defined by M (A, w) (uv) = w(uv) if (uv) ∈ A, and is zero otherwise.
The main result of this paper are as follows:
Theorem 3. Let D = (V, A) be a directed graph with each in-degree and each out-degree equal to 2. Let D ′ = (V ′ , A ′ ) be obtained from D so that we replace each vertex of D by gadget G depicted in Figure 1 . Let w : A ′ → Q be defined as follows: (1) If e ∈ A then w(e) = −n(e), where n(e) is as follows (see Figure 1) : if e goes from E-vertex of G to S-vertex of G then n(e) = (xy) −1 , if e goes from E-vertex of G to W-vertex of G then n(e) = y −1 , if e goes from N-vertex of G to S-vertex of G then n(e) = x −1 and if e goes from N-vertex of G to W-vertex of G then n(e) = 1.
(2) Let e be an edge of one of the gadgets. If e has no label in Figure 1 then w(e) = 1 else w(e) is given by Figure 1 with
We have
We will also use the following result:
Theorem 4 (Seymour, Thomassen [7] ). A directed graph D = (V, A) has no weak-odd-double-cycle as a subdigraph if and only if one can subdivide some arcs so that the resulting directed graph has no directed cycle of an even length. Let D be properly embedded in the plane such that for each vertex v of D, the incoming arcs form a segment in the clockwise ordering (given by the embedding) of all the arcs of D incident with v. Then D has no weak-odd-double-cycle.
Let D = (V, A) be a directed graph. We use the following notation: we let w Y = y∈Y w(y). Let ∆(A) = {Y ⊂ A; (V, Y ) consists of vertex-disjoint directed cycles covering all vertices of V }. Proof. By Theorem 4, there is a subset S ⊂ A so that after subdividing each arc of S, the resulting directed graph has no even directed cycle. Hence S has an even number of arcs from each dicycle of A of an odd length, and an odd number of arcs from each dicycle of A of an even length. Hence, if we let M ′ be obtained from M (D, w) by multiplying by (−1) exactly the entries corresponding to the arcs of S, the formula follows. We will need one more result which is a consequence of the matroid intersection, see [3] . For a directed graph D = (V, A) and v ∈ V , we will denote N + (v) = {w ∈ V ; (v, w) ∈ A}. Further, a set of vertex-disjoint directed cycles of D covering all the vertices is called directed 2-factor.
Theorem 5. A directed graph D = (V, A) has a directed 2-factor if and only if for each
Now we are ready to state our result on counting 3-edge-colorings of planar cubic graphs. Theorem 6. Let G be a planar triangulation. Then one can construct efficiently matrix M so that det(M ) is equal to the number of proper 3-edge-colorings of G.
Proof. Given Theorem 3 and Theorem 2, we need to show how to turn per(M (D ′ , w)) into a determinant. We first observe that :
Let G be a planar cubic graph properly drawn in the plane and let L be its line graph, whose proper planar drawing is derived from that of G as in Figure 2 . Then L has an eulerian orientation D 0 , where for each vertex v of D 0 , the in-coming and the out-going arcs of v alternate when considered clockwise around v.
Indeed, we can costruct D 0 so that we orient the boundary of each face of G anti-clockwise, see Figure 2 . Now, we orient each edge of L according to the face of G in which it is embedded, see Figure 2 .
Next we observe that we can change digraph D 0 to get an orientation D of L so that for each vertex, the incoming arcs form a segment in the clockwise ordering. Clearly, we only need to see that D 0 has a directed 2-factor, since reversing every of its cycles yields orientation D with the desired property. But, as a simple corollary of Theorem 5 we get that every eulerian digraph with a constant out-degree has a directed 2-factor.
Given the way our digraph D ′ is constructed from D (see Theorem 3), we obtain that D ′ satisfies the condition of Theorem 4. namely:
For each vertex v of D ′ , the incoming arcs form a segment in the clockwise ordering (given by Figure 1 ) of all the arcs of D ′ .
Hence the theorem follows from Corollary 1.2.
Figure 2.
We recall a well-known fact that the number of proper 4-colorings of a planar triangulation G is up to a constant factor equal to the number of proper 3-edge-colorings of the geometric dual G * of G.
As an immediate corollary we get that there is a polynomial-time algorithm to find out if a given planar triangulation is 4-colourable. We recall again that the existence of such polynomial algorithm is also an immediate corollary of the Four Color Theorem, see [2] , [6] . Corollary 1.3. The number of proper 4-colorings of a planar triangulation is a determinant and thus can be calculated efficiently.
In fact, using the theory of Pfaffian orientations, we have the following strengthening of Theorem 6. 
Finally we recall definition of n(e), e ∈ A and for Z ⊂ A we let n(Z) = e∈Z n(e).
Observation 2.1. Proof. In the equations below we indicate, for each b ∈ B, how f ∈F (b) w f is formed.
• If b = {N, S, W, E} then m(b)
